Uncovering the mechanisms that underpin the patterns and strength of interactions among the elements of networked systems helps enhance our understanding of the global organization, functioning, and performance of these systems. In the rich-club perspective, emphasis is placed on a select subset of nodes, namely the members of the club, with a view to detecting interaction patterns and hidden orderings among them. Inspired by topological rich-club measures that explore the tendency of highly connected nodes to interact with one another, and drawing on results pointing to the fundamental role played by the intensity and capacity of interactions in many network-related processes, we introduce a new general framework that explicitly takes the weights attached to ties into consideration, and enables us to investigate how select nodes in a network distribute their efforts to one another. We propose three different criteria for defining club membership, introduce the corresponding appropriate null models, and apply the developed framework to three real-world networks in the fields of transportation, scientific collaboration, and online communication. We observe non-trivial weighted rich-club effects that shed a new Research has shown that the elements of many systems, ranging from technological to economic and social ones, are organized into hierarchies 1, 2, 3, 4, 5, 6 . Investigating the nature of the interactions between the highest-ranking elements can provide useful insights into the system's organization and functioning. For example, do the top elements attract and exchange among themselves the vast majority of resources available in the system, or do they tend to distribute resources homogeneously across the system? By adopting the framework of network theorywhere the system is represented in terms of nodes, corresponding to its elements, and ties connecting interacting elements 7, 8, 9, 10, 11, 12 -scholars have begun to study interactions among top elements by investigating whether the network structure displays the tendency of highly connected nodes to form tighter interconnected groups than randomly expected 13 . This feature is known as the topological rich-club phenomenon 13, 14 . By allowing us to discover patterns of interactions (or their absence) at the top hierarchical level, the rich-club phenomenon helps highlight organizational principles in the system. This approach, however, is limited by the binary nature of ties on which it draws, whereas a crucial piece of information is encoded in the strength of ties that can vary substantially across the network 6 . For instance, in social networks, the strength of a tie connecting two individuals varies as a function of its duration, emotional intensity, intimacy, and the exchange of services 15, 16 . In infrastructure and information networks, variations in the strength of a tie depend on the flow of information, energy, people, and goods along that tie 5, 6, 17 . A full understanding of how top nodes are organized, therefore, relies not only on the study of which other nodes they interact with, but also on the strength of their interactions. Indeed research has long documented the role of strong ties in a variety of networks. In social networks, strong ties are often found among socially embedded individu- Given the relevance of these ties in many processes, in this paper we propose a new general measure aimed at evaluating whether, and the extent to which, strong ties occur among top nodes. These are the nodes that rank at the highest levels according to any ordering property present in the system. We undertake our analysis within a two-fold framework. First, we focus on an ordering property, and select a subset of "rich" top ranking nodes. Second, we examine if the rich nodes display a preference to direct their efforts towards one another, by forging ties that are stronger than randomly expected. By shifting attention from the bare structure to tie strength, we thus extend previous research on the rich-club phenomenon, and provide a general framework for detecting non-trivial patterns and modes of interaction among the top elements of a system.
light on the management and distribution of traffic in transportation networks, on how scientists allocate resources in collaborative endeavors, and how online users direct their attention to one another.
Research has shown that the elements of many systems, ranging from technological to economic and social ones, are organized into hierarchies 1, 2, 3, 4, 5, 6 . Investigating the nature of the interactions between the highest-ranking elements can provide useful insights into the system's organization and functioning. For example, do the top elements attract and exchange among themselves the vast majority of resources available in the system, or do they tend to distribute resources homogeneously across the system? By adopting the framework of network theorywhere the system is represented in terms of nodes, corresponding to its elements, and ties connecting interacting elements 7, 8, 9, 10, 11, 12 -scholars have begun to study interactions among top elements by investigating whether the network structure displays the tendency of highly connected nodes to form tighter interconnected groups than randomly expected 13 . This feature is known as the topological rich-club phenomenon 13, 14 . By allowing us to discover patterns of interactions (or their absence) at the top hierarchical level, the rich-club phenomenon helps highlight organizational principles in the system. This approach, however, is limited by the binary nature of ties on which it draws, whereas a crucial piece of information is encoded in the strength of ties that can vary substantially across the network 6 . For instance, in social networks, the strength of a tie connecting two individuals varies as a function of its duration, emotional intensity, intimacy, and the exchange of services 15, 16 . In infrastructure and information networks, variations in the strength of a tie depend on the flow of information, energy, people, and goods along that tie 5, 6, 17 . A full understanding of how top nodes are organized, therefore, relies not only on the study of which other nodes they interact with, but also on the strength of their interactions. Indeed research has long documented the role of strong ties in a variety of networks. In social networks, strong ties are often found among socially embedded individuals 15, 16 . They facilitate change in the face of uncertainty 18 , reinforce obligations, expectations, individuals' motivation to assist one another 20 . Strong ties also aid communication through, for example, the development of relationship-specific heuristics 21 . In the behavior of non-social networks, such as technological and transportation ones, strong ties also play crucial roles. For instance, in the Internet they are the large backbones that provide national or inter-continental connectivity 5 , whereas in airport networks they represent major international or trans-oceanic routes 6 .
Given the relevance of these ties in many processes, in this paper we propose a new general measure aimed at evaluating whether, and the extent to which, strong ties occur among top nodes. These are the nodes that rank at the highest levels according to any ordering property present in the system. We undertake our analysis within a two-fold framework. First, we focus on an ordering property, and select a subset of "rich" top ranking nodes. Second, we examine if the rich nodes display a preference to direct their efforts towards one another, by forging ties that are stronger than randomly expected. By shifting attention from the bare structure to tie strength, we thus extend previous research on the rich-club phenomenon, and provide a general framework for detecting non-trivial patterns and modes of interaction among the top elements of a system.
The framework
Our work draws on, and extends, the topological measure of the rich-club phenomenon 13, 14 , that quantifies the extent to which highly connected nodes share a larger amount of ties than randomly expected. In this framework, the rich nodes are defined as the hubs that preside over many ties with other nodes. Evidence of the topological rich-club phenomenon has been found in networks of scientific collaborations among researchers 13 , in transportation networks 13 , in the Italian interbank network 22 , and in content-based networks 23 . By contrast, a negative tendency was found for the Internet, where highly connected routers are not typically connected with one another 13 . Biological systems, such as protein-protein interaction networks, show Formally, the topological rich-club coefficient is the proportion of ties connecting rich nodes, with respect to the maximum possible number of ties among them. For the set of N >k rich nodes with degree (i.e., the number of ties originating from a node) larger than k, the coefficient is defined as 14 :
where E >k represents the number of ties connecting the N k nodes in the club. In addition, in order to detect the non-random tendency towards the generation of rich-club structures, φ(k) measured on the real network must be compared with the corresponding φ null (k) obtained from an appropriate null model. The null model is typically used as a benchmark to assess a property measured in a real-world network against what would be observed in a corresponding random network 26 . Defining the ratio 13 :
enables us to examine the extent to which the observed rich-club phenomenon diverges from what would be expected by chance.
While Eq. (1) describes whether or not ties are established among rich nodes, it does not measure the relative strength of these ties with respect to other ties in the network. Examining the intensity and capacity of interactions is however fundamental for understanding the organizing principles underpinning the structure of weighted networks, in which weights are proportional to tie strength 6, 10 . In these networks, the richness of a node can be defined in terms not only of its degree, but also of other properties, such as the strength of the node (i.e., the sum of the weights of its ties), or the average weight (i.e., the ratio between the strength and degree of the node). To determine the relative strength of the ties connecting rich nodes, we propose the following weighted rich-club coefficient, based on a parameter r of node richness:
where the numerator is the total weight of the ties connecting the nodes that are rich with respect to r. Given that the number of ties within nodes of the rich club is E >r , the denominator corresponds to the sum of the weights of the E >r strongest ties of the network, where w rank l ≥ w rank l+1 and l = 1, 2, ... , E, with E being the total number of ties in the network. Thus, Eq. (3) measures the fraction of weights shared by the rich nodes compared with the total amount they could share if they were connected through the strongest ties of the network. φ w (r) takes values ranging from 0 to 1. It is equal to 0 if there is no tie connecting rich nodes, whereas it reaches the value of 1 when the ties connecting the rich nodes are the strongest available. Other measures of the weighted rich-club phenomenon can be introduced that depend on the local network structure surrounding the rich nodes 13, 27, 28 . Here we want to investigate the properties of the ties among rich nodes with respect to the global structure of the network and the strength of the interactions among all nodes.
In analogy with the topological rich-club coefficient, Eq. (3) alone does not enable us to test whether there is an actual tendency of the rich nodes to be connected through the strongest ties in the network. Even random networks may display a non-zero value in Eq. (3). To properly test the phenomenon, we therefore need to assess it against a null model that is random, but at the same time comparable to the real network. In particular, our choice of an appropriate null model reflects the need to discount for associations between weights and ties. To this end, the null model must meet three main requirements. First, it must have the same number of nodes and ties as the real network. Second, it must have the same weight distribution P (w) (i.e., the probability that a given tie has weight w) as the real network -a crucial constraint since we are looking for non-trivial intensity of interactions among rich nodes. Third, the nodes in the rich club must be the same as in the real network, which also guarantees the preservation of the richness distribution P (r) (probability that a given node has richness r). A null model that does not fulfill the above three requirements cannot be compared to the real network, and thus does not allow for a proper weighted rich-club assessment.
There are multiple ways to construct null models that meet the above conditions, but at the same time certain candidates are also ruled out. This is the case, for example, of the weighted configuration model 29 and the models in which weighted ties are split into multiple binary ties 28, 30, 31 . These models do not preserve the weight distribution P (w) of the original network, and in some cases 28, 30, 31 not even the degree distribution P (k). In what follows, we introduce three procedures for constructing null models, that correspond to different ways of preserving P (r), depending on the choice of the richness parameter r. More details can be found in the Materials and Methods section. If the richness of a node is given by its degree, we adopt the following two null models. A first procedure consists simply in reshuffling the weights globally in the network, while keeping the topology intact (Weight reshuffle null model). A second one, which introduces a higher degree of randomization, consists in reshuffling also the topology, reaching the maximally random network with the same degree distribution P (k) (i.e., the probability that a given node is connected to k neighbors) as the real network 8, 32, 33 .
In this way, weights are automatically redistributed by remaining attached to the reshuffled ties (Weight & Tie reshuffle null model). Both randomization procedures produce null models for undirected networks, but they can be easily generalized to directed networks. In addition, while both methods preserve P (k) and P (w) of the original network, they differ in that the Weight & Tie reshuffle destroys node-node topological correlations. Therefore, a rich-club coefficient based on the latter null model will mix the signal coming from the topology and that coming from the location of the strongest ties. We consider it here for the sake of comparison, since it is the method used to calculate the topological rich-club 13 , and also to check the effect of higher degrees of randomization on the obtained results.
Inevitably, since weights are reshuffled globally, both procedures produce null models in which the nodes do not maintain the same out-strength s out and in-strength s in (i.e., the sum of the weights attached to the ties originating from, and pointing to, the nodes, respectively) as in the real network. When node richness is defined in terms of strength, we need to introduce a third procedure that preserves this quantity. We construct a null model based on the randomization of directed networks 34 that preserves not only the topology and P (w), but also the out-strength P (s out ) (in-strength P (s in )) distribution of the real network. To this end, we reshuffle weights locally for each node across its outgoing (incoming) ties (Directed Weight reshuffle null model). In so doing, we also obtain null models where the average weight of outgoing (incoming) ties is kept invariant. We extend this procedure to the undirected case, see
Materials and Methods for more details.
As with the topological rich-club coefficient, we now define the normalized weighted richclub coefficient as the ratio between Eq. (3) measured on the real network and on the null model:
When ρ w is larger than one, the original network has a positive weighted rich-club ordering, with rich nodes concentrating a disproportionately large part of their efforts towards other rich
nodes compared with what happens in the random null model. Conversely, if it is smaller than one, the ties among the members of the club are weaker than randomly expected.
2 Results and discussion
Datasets
We apply the above framework to three real-world networks and investigate their weighted rich-club ordering. The networks are:
(i) The US Airport Network, which is available at the Web site of the US Department of Transportation 1 . This network is composed of 676 nodes that represent commercial airports, and 3, 523 ties that account for flights between them. Each weight corresponds to the average number of seats per day available on the flights connecting two airports 6, 17 .
(ii) The Scientific Collaboration Network 35, 36 formed by the authors that published online on the arXiv 2 in the area of condensed matter physics in the period from 1995 to 1999. The nodes of this network are authors, and a tie between two authors is established when they have co-authored a paper. Following Ref. 36 , the weight attached to each tie is the sum over all the
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co-authored papers of the inverse of the size of the collaboration minus one.
(iii) An Online Social Network 37 , in which the nodes are college students at the University of California, Irvine, the ties are established by online messages sent by one student to another, and the weights correspond to the number of online messages sent. Since online messages have a sender and a receiver, ties are directed. In our analysis, we focus on the outgoing ties as we aim to investigate individuals' choice to direct their attention to others. The network covers the online communication occurring during the period between April to October 2004. The network includes 1, 899 active users that sent a total of 59, 835 messages.
Here we define the richness parameter r to be the node degree. We adopt the Weight reshuffle null model, since it is the simplest null model that preserves the richness of nodes, i.e. their degree. We also consider the Weight & Tie reshuffle null model to show how an increased degree of randomness affects the results. A positive weighted rich-club ordering refers to the tendency of highly connected nodes to forge stronger ties among one another than would be the case if weights were randomly attached to ties. Fig. 1 reports the weighted and topological (inset) rich-club ratios for the three networks. The airport network shows a positive weighted rich-club ordering, as can be identified from the remarkable growth of ρ w as a function of the degree of the airports, in contrast to a mild topological effect 13 . This is in agreement with previous studies that reported the presence of non-trivial correlations between weight of the ties and degrees of the connected nodes 6, 17, 38 . Connections among hub airports, with flights to many club. These results are in agreement with previous studies that showed how in collaboration networks the strong ties tend to be independent of the degrees of the nodes 39, 40 .
Finally, the two coefficients display strikingly different trends for the online social network.
While the topological coefficient decreases with k and remains below 1 throughout the whole range of degrees, the weighted coefficient shows a mild increasing trend. Very gregarious individuals, namely the ones that contact a large number of other users, poorly communicate with one another. However, when they do, they choose to forge ties that are stronger than randomly expected.
In order to illustrate the limitations of defining the club in terms of degree and why it is important to consider other rich-club orderings, let us focus on the scientific collaboration network. Each paper is translated into a fully connected group of collaborators. The whole network is therefore a set of cliques that overlap when authors write papers with different groups. When a paper is co-written by a large number of authors, these authors take on a high degree and thus increase their chances to become members of the club. Large collaborations thus tend to secure club membership, yet generate weaker ties than smaller ones due to the definition of the weight 36 . To show this, we focus on a subset of the scientific collaboration network that includes only scientists working on network theory and experiments 41 , and that displays a similar behavior as the one observed in Fig. 1 (middle) . Experimental papers on biological networks are authored by a large number of scientists, and therefore only few such papers may suffice to substantially increase the topological rich-club ordering (see the very large clique in Figure 2A) . On the other hand, these large collaborations bring about weaker ties, which reduces the weighted rich-club effect. As can be seen in Fig. 2B , if the richness is based instead on the strength of the nodes (number of papers published), the scenario changes substantially.
Club of the most active nodes
The next step is thus to define node richness r in terms of the node strength. In so doing, we shift our attention from the most connected to the most involved nodes in the network activity.
In addition to preserving P (k) and P (w), we need to ensure that the club members in the null model remain the same as in the real network. Therefore, we adopt the Directed Weight reshuffle null model that preserves the out-strength distribution, P (s out ). It is worth noting that the construction of this null model for the undirected scientific collaboration network is a methodological extension of the original procedure, whereas its applicability to transportation networks is justified by the typically directed nature of traffic flows (though the airport network displays a high symmetry 6 ). Figure 3 shows a positive weighted rich-club ordering for all the three networks analyzed.
Active nodes preferentially direct their efforts towards one another, and this tendency becomes more pronounced as the involvement of nodes in network activity increases. The airport network exhibits a strong weighted rich-club ordering that corroborates the result obtained when club membership was defined in terms of k. Moreover, our findings are in sharp contrast with what was found using a different null model 28 . Traffic is heavier among large airports than randomly expected. Defining club membership in terms of strength is especially relevant for the scientific collaboration network, where tie strength is equal to the number of papers published by each author, and can therefore be seen as a measure of productivity. In this case, the weighted richclub ordering is positive among authors that published many papers, unlike what was found when club membership was defined in terms of number of collaborators. The online social network also reveals a pronounced positive weighted rich-club ordering, thus suggesting that active online users tend to communicate frequently with one another. For very high values of s out , only few nodes remain in the club, which implies a higher level fluctuations in ρ w .
However, it can be speculated that the drop observed in the social networks may be due to some form of competition among very rich nodes. This might account for the reluctance of top nodes to establish strong ties among themselves, as is suggested by the lack of interaction between the
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most productive scientists in Figure 2B .
While node strength gives a general indication of how involved a node is in the activity taking place on a network, it does not allow us to discriminate between nodes with a large number of weak ties and nodes with a small number of strong ties, given the same value of node strength.
To address this issue, we define the richness parameter r for club membership in terms of the average weightw 42 . We use the Directed Weight reshuffle null model to keep invariant thē w for each node, thus ensuring that the richness of the nodes in the real network and in its corresponding randomized version remain the same. 
Conclusions
Previous research has shown the importance of the nature of ties in a variety of network-based processes 6, 5, 15, 16, 18, 19, 20, 21 . Drawing on measures introduced for detecting topological rich-club orderings, we proposed a new general framework for the study of patterns and modes of interactions among selected nodes in weighted networks, where ties can be characterized by a measure of their intensity or capacity. We selected subsets of nodes based on their degree, strength and average weight. Then, for each of these subsets, we examined whether top ranking nodes were more prone to direct their efforts to one another than would be expected if the targets of these efforts were chosen randomly. Our results show that the networks analyzed display non-trivial weighted rich-club effects among highly connected nodes, in many cases in contrast with the results obtained from a merely topological rich-club assessment. In addition, when selected in terms of strength and average weight, we found that rich nodes tend to forge stronger ties with one another than randomly expected. The method we developed is general and can be applied to many empirical settings. By providing insights into how rich nodes, selected with different richness parameter, choose to direct their efforts towards one another, it represents a step towards furthering our understanding of the global organization of complex systems.
Materials and Methods

Null models
In this paper, we explored the presence of the weighted rich-club phenomenon by using three different null models. Figure 5 shows a schematic representation of these models.
Weight reshuffle. The topology remains intact, and weights are randomly and globally redistributed over the ties of the network. Thus, purely topological correlations, P (k) and P (w) remain invariant, but P (s out ) and P (s in ) change. This randomization procedure can be applied to directed networks as well.
Weight & Tie reshuffle. The ties of the network, with their attached weights, are reshuffled in a way that the degree distribution P (k) is preserved 33 . As before, both P (k) and P (w) remain invariant, whereas the topological correlations are destroyed due to the reshuffle of ties. Again, P (s out ) and P (s in ) are not preserved. This procedure can also be applied to directed networks.
Directed Weight reshuffle. Given a directed network, the weights on the outgoing or incoming ties of a given node are locally reshuffled, while the topology remains intact 34 . This leads to a maximally random weighted network that preserves the degree distribution P (k), the distribution of weights P (w), and also the out-strength distribution P (s out ) or the in-strength distribu- 
